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ABSTRACT:

From a given series we can make a new series by inserting brackets (parentheses) among the terms of the given series that
is, making the groups of terms of the series. The terms of the new series are formed by summing the terms of the series
within the inserted brackets. If Xy, is a series obtained from a series Xx, by inserting parentheses'(.....)' then Xx; is also
called a series obtained from the series Xy, by removing parentheses.

Keywords: Grouping, brackets, parentheses, summing, inserting, removing, converges/convergent, diverges/divergent

INTRODUCTION:
Let us Consider A Series:

EXn=Xp+Xo+ Xa+Xg+ X5+ il FXnF e,
Let us make groups of terms of this series by inserting brackets in it as follows,
EXn = (XgHXote oo, +X10) + (Xp1 Xt X0) + (Xo1HXoot.vnnnn.n. X30) T e
(Where each group may contain different numbers of terms)
Now denote the subscripts 10=k(1), 11=k(1)+1,...... ,20=K(2), 21=k(2)+1,.......... , 30=k(3), and so on. Then we have-
EXn = (XgHXote ..., +x10) + (X1 tXpoteeeenns. X20) t (Xo1HXoot..ononnin. X30) T e
= (XXt TXi) + (Xiyrr FXiyezTeeeennennnn Xk2) + Xk Xe@ezteeeeeeennn Xk@) T eeeeenieie
Let, y1= Xg+Xot.......... +X10= Xy HXot+. ool +Xi(1)
Yo= Xyg+Xiote e, X20 = Xi)+1 FXiyrotoonnennnn. Xk(2)
Y3 =Xo1+HXoot. i, X30 = Xk)r1HXi@+2 e enennnnn Xk(3)
Yol = Xi(ny+1 Xy eveennn Xk(n+1)

Thus we Obtain a New Series:

SVn=Yi+tYo+tYatyatys+ ol FYntYner oo

In this case, the new series Xy, is called a series obtained from the series Xx, by grouping terms or inserting brackets
(parentheses). The series Xx, is called a series obtained from the series Xy, by ungrouping terms or removing brackets
(parentheses). For example,

Let,2,=1-1+1-1+1-1+1-1+1-1+................. ,and-

Let,Zy, =(1-1D)+(1-D)+(1L-)+(Q1-D)+A-D+.coerrrrnnn. =0+0+0+0+0+...ccceiiininnn.

Then, Xy, is called a series obtained from the series £x, by grouping of its terms. Clearly, here the series Xy, is
convergent whereas the series Xx, is non-convergent (It is oscillating). The formal definition of grouping of terms of
series is as follows,
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DEFINITION:

Let {kn} denotes a strictly increasing sequence of positive integers, i.e., Ky)<kp<kp<....... <k@m<....... , and ky€Z". Let
>X,and Xy, be two series related as follows,
Vi= Xt Xot +Xk(1)
- +
Y ne1= X1 X2t oo HXk(n+1) forn=1,2,3,4,.......... (i.e.,neZ )

Then the series Xy, is said to be obtained from the series Xx, by grouping of its terms or inserting
brackets(parentheses).The series Xx, is said to be obtained from the series Xy, by ungrouping of its terms or removing
brackets(parentheses).

Some Theorems:

Theorem-1:
If a series Xx, converges to s then every series Xy, obtained from Xx, by grouping of its terms also converges to s.

Proof
Let x,= s and let Xy, is a series obtained from Xx, by grouping of its terms as follows,
Vi= XotEXoto +Xkq)
Y41 Xigys1HXk(n)s2 e eveenennnnenn +Xk(n+1), (where Kpy<knsy and n=1,2,34,......... )

We show: Zy,=s.
For this, let {s,} and {t.} be the sequences of partial sums of the series x, and Zy, respectively. Then as £x,= s, SO
Lim Si=S. Now, ti=y; +yo+ya+ ..., TV =Xg X F Xzt oo, + Xy = Sky-
:;7 ?cniois a subsequence of {s,}, as {skn} is a subsequence of {s,}.
= {t,} converges to s, as {s,} converges tos.
= Xy, convergestos,i.e., Xy, =s. Proved.
Notes:-1- The converse of this theorem may not be true, that is, removing the brackets may destroy the convergence.
For example: - Let £x,= Z(-1)™* , Vnez*
Thatis, Let2x,=1-1+1-1+1-1+1-1+..............
Let Xy, be the series such that k(n) =2n,then Xy, =(1-1)+(1-D+(1-D+....ccorn.... =0+0+0+......ooenn.nn.
Clearly, Zx, is a series obtained from the series Xy, by removing brackets. Here, Xy,= 0, i.e. , Zy, converges to 0, but the
series XX, do not converge.
2- The converse of the theorem is true if we restrict £x, and k as in the following theorem-2.

Theorem-2:
Let x,and Xy, be two series related as in the above definition. Assume that 3 M>0 such that
k(n+1) —k(n) <M V neZ". Also assume that n“j) Xn= 0. Then-
X, converges < Xy, converges. Infact, x,=s < Xy, =5
Proof
Let the hypothesis of the theorem.
We show: X, =S < Xy, =S.
First we show (= ): For this, Let Zx, = s, then as proceeding the above theorem-1, we obtain Xy, = s.
Next we show (<): For this, Let Xy, = s. Further let {s,} and {t.} be the sequences of partial sums of the series Zx, and
2y, respectively, then t,—s since 2y, = s.
We have to show XX, = Lim Sp=S§.
For this, lete> 0 be given’? - *
Since “1 =S and tm x =0 so corresponding to thee> 0,3 NeZ"such that-

n n—> ®
vn>N = t, —s| <e/2and|x, -0 = |x,| <€ /2M
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Now, if n>k(N), we can find m2> N so that N< k(m) < n < k(m + 1). Clearly for such n, we have-
Sh=X 1+ Xo+Xg+ ol +Xq

=X F Xt Xt e FXp + Xner + Xnez T ovnennne FXme) — [Xner + Xnez +oeeneennn + Xi(me+1)]
= Skme1) = [Xnet F X2 T e + Ximen)]
= tes - [Xner F Xpez + e, FXi(me))
NOW, Sy —S = [tmer —S] = [Xnez + X2 +oenvenee. X))
= Isp— sl = |[tm+1 —s] = [xpp1+ Xpgz + ot xk(m+1)]|
< tmar =S|I+ [Xnr + Xnaz + oo Xieaman)|
< tmar = SI+ Ixpga [+ [xXpgl + oo+ |xk(m+1)|
< tmar = SIF Xy | + [Xreemysa] + 0 e oo 4 [Xaemrny |
(" X € Wleqmy» Xeeqmysar Xeqmyszreerereremeses Ki(men 3

= s, —sl<e /2 +[k(m+l) —k(m)].e /2M< e/2 + M. €e/2M=€/2+ €/2=€ (Vn>N)
Thus we have, corresponding to the €> 0 INe Z* such thatVn > N :|sn —s| <e.
Lim

Hence N — oS =S and so 2x, = s. Proved.

Concluding Remark:

From above we know that by grouping the terms of a given series by different ways different new series can be formed.
Such new series must be convergent if the given series is convergent and the new series may or may not convergent if the
given series is divergent.
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